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Abstract
We prove dierent invariant subgraph properties for pseudo-modular graphs, and in particu-
lar for pseudo-median graphs and ball-Helly graphs. For example we prove that, for any con-
nected interval-nite pseudo-modular graph G containing no isometric rays or subdivision of
an @0-regular tree (resp. or K1;1;@0 ): (i) there exists a nite set of vertices of G that is strictly
invariant under every automorphism of G; (ii) any commuting family of certain self-maps called
d-faithful (resp. g-faithful) that preserve or collapse the edges (for example functions whose in-
verse image of each vertex is nite (resp. and which are interval-preserving)) of G has a common
strictly invariant nite set of vertices. In particular for pseudo-median (resp. ball-Helly) graphs,
the invariant nite set of vertices generates an invariant nite regular pseudo-median subgraph
(resp. complete subgraph). Moreover the second result holds for ball-Helly graphs, as well as
for rayless pseudo-modular graphs, by considering any self-map that preserves or collapses the
edges. c© 1999 Elsevier Science B.V. All rights reserved.
1. Introduction
Several xed point theorems for graphs, and in particular for some weakly mod-
ular graphs, appeared in the literature. As genuine xed point properties for graphs
are clearly too demanding, because of the discrete structure of graphs, they are usu-
ally replaced by properties about invariant sets of vertices, and more particularly
about invariant subgraphs of special types, such as simplices, hypercubes, Hamming
graphs, etc.
For innite graphs, a necessary, and sometimes also sucient, condition to get such
invariant properties, is the absence of isometric rays (a ray R of a graph G is isometric
if every path in R is a shortest path in G). See for example the results of Tardif [10]
for median graphs, Chastand and Polat [5] for quasi-median graphs, and more recently
Chastand [4] for pre-median graphs.
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In the third section of this paper, we use the topological characterization of graphs
without isometric rays we obtained in [9] to prove general invariant subgraph properties.
These general results are comparable to some similar results about graphs whose ends
are all dominated that we got in [8]. In the subsequent sections we use these results to
study the case of pseudo-modular graphs, and those more particular of pseudo-median
graphs and of ball-Helly graphs.
2. Preliminaries
The terminology will be that of [9]. We will only recall the main denitions, notation
and results that we will need in this paper.
A complete graph is called a simplex. If x 2 V (G), the set V (x;G) := fy 2 V (G):
fx; yg 2 E(G)g is the neighborhood of x, and its cardinality d(x;G) is the degree of x.
For AV (G) we denote by G[A] the subgraph of G induced by A, and we set
G− A := G[V (G)− A]. The (connected) component of a graph G containing a vertex
x is denoted by CG(x). A ray is a one-way innite path.
The usual distance in a connected graph G between two vertices x and y, that is the
length of an (x; y)-geodesic (i.e., shortest (x; y)-path) in G, is denoted by distG(x; y).
The diameter in G of a subset A of V (G) is diamG(A) := supfdistG(x; y): x; y 2 Ag,
and the diameter of G is diam(G) := diamG(V (G)). G is bounded if its diameter is
nite. A subgraph H of G is isometric if distH (x; y)=distG(x; y) for all vertices x and y
of H . The interval IG(x; y) of two vertices x and y of G is the set of vertices of all
(x; y)-geodesics in G.
An innite set A of vertices of a graph G is concentrated if every two innite
subsets B and C of A cannot be separated by removing nitely many vertices, i.e., if
B and C are joined by innitely many pairwise disjoint (A; B)-paths. In particular, the
vertex set of any ray is concentrated, and every innite subset of a concentrated set is
concentrated.
A vertex x of a graph G geodesically dominates a subset A of V (G) if, for every
nite S V (G−x), there exists an a 2 (A−fxg)\V (CG(x)) such that S\ IG(x; a)=;.
A vertex geodesically dominates a subgraph H of G if it geodesically dominates V (H).
In [9] we endowed the vertex set of a graph with a topology, called the geodesic
domination topology, or simply the geodesic topology, where a subset A of V (G) is
closed if and only if every vertex which geodesically dominates A belongs to A. We
proved the following result.
Lemma 2.1 (Polat [9, Theorem 3:9]). Let G be a connected graph. The following as-
sertions are equivalent:
(i) G contains no isometric rays;
(ii) the geodesic space V (G) is compact;
(iii) every innite subset of V (G) is geodesically dominated;
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(iv) every concentrated set of G is geodesically dominated;
(v) every ray of G is geodesically dominated.
In [8] we endowed the vertex set of a graph with another topology, which we will
call the domination topology, where a subset A of V (G) is closed if and only if every
vertex x which is innitely linked to A (i.e., such that there exists an innite set of
(fxg; A)-paths of G which have pairwise only x in common) belongs to A.
3. Finite invariant sets
We will recall the concept of the Cantor-Bendixson derivative. Let A be a topolog-
ical space. We denote by A0 the derivative of A, that is the set of cluster points of
A. The Cantor{Bendixson derivative of order  of A; A(), is dened by induction
as follows:
 A(0) := A,
 A(+1) := (A())0,
 A() := T<A() if  is a limit ordinal.
In view of the fact that the A()’s form a decreasing sequence, there exists an ordinal
 such that A() =A(+1). The smallest of these ordinals, denoted by r(A), is the
Cantor{Bendixson rank of A, and the set A(r(A)) is the perfect kernel of A. Note
that A(r(A)) =; if and only if A is scattered (i.e., contains no nonempty subset A that
is dense in itself, that is, such that AA0).
A self-map f of a set S stabilizes (resp. strictly stabilizes) a subset A of S, or A
is invariant (resp. strictly invariant) under f, if f(A)A (resp. f(A) = A).
Proposition 3.1. Let A be a topological space that is compact and scattered. Then
the Cantor{Bendixson rank r(A) =  + 1 for some ordinal ; and the Cantor{
Bendixson derivative A() is nite. Furthermore A() is strictly invariant under every
self-homeomorphism of A.
Proof. (a) Since the space is scattered, (A())<r(A) is a strictly decreasing sequence
of nonempty closed sets such that A(r(A)) = ;. If r(A) was a limit ordinal, then we
should have
T
<r(A)A
() =A(r(A)) = ;, contrary to the compactness of A. Hence
r(A) is a successor ordinal, say  + 1. Therefore, A(), which is a closed set of the
compact space A, is then a compact set. Hence it is nite, since its Cantor{Bendixson
derivative is empty.
(b) Let f be a self-homeomorphism of A. We claim that, for any ordinal , the
restriction of f to A() is a permutation of A(). This is clear if  = 0. Let >0.
Suppose that this holds for every <. The result is obvious if  is a limit ordi-
nal. Assume that  =  + 1, and let x be a cluster point of A(). Then, since f is
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a homeomorphism, f(x) and f−1(x) are cluster points of f(A()) and f−1(A()),
respectively, hence of A() since f jA() is a permutation of A() by the induction
hypothesis. Therefore f jA() is a permutation of A(), which proves the claim and
so completes the proof.
Let T be a subdivision of an @0-regular tree. Let V@0 (T ) := fx 2 V (T ): d(x;T )=@0g.
For x 2 V@0 (T ) we will denote by V@0 (x;T ) the set of all elements of V@0 (T ) − fxg
which are joined to x by a path whose internal vertices are of degree 2 in T . A graph
G will be said geodesically T@0 -free if it contains no subdivision T of an @0-regular
tree such that every vertex x 2 V@0 (T ) geodesically dominates V@0 (x;T ).
Proposition 3.2. Let G be a nonempty connected graph. Then the geodesic space
V (G) is scattered if and only if G is geodesically T@0 -free.
Proof. If G contains such a tree T , then the set V@0 (T ) is dense in itself, thus V (G)
is not scattered. Conversely suppose that V (G) is not scattered; then A0 = A for some
geodesically closed AV (G). Construct a sequence T0; T1; : : : of nite trees of G such
that, for every n>0, the endpoints of Tn belong to A, and TnTn+1 with d(x;Tn+1)=
d(x; Tn) + 1 for every x 2 V (Tn) \ A.
Let x be any element of A, and let T0 := hxi. Suppose that T0; : : : ; Tn have already
been constructed. Let Sn := V (Tn) \ A = fx0; : : : ; xkg. Since Tn is nite and A0 = A,
any element of Sn geodesically dominates A−V (Tn). Thus one can easily construct by
induction an (Sn; A−V (Tn))-linkage (Pi)06i6k such that, for every i; 06i6k, if si 2 Sn
and ai 2 A are the endpoints of Pi, then IG(si; ai) \ (V (Tn) [
S
06j6i V (Pj)) = fsig.
Put Tn+1 := Tn [
S
06i6k Pi. This graph has the required properties. Therefore T :=S
n>0 Tn is clearly a subdivision of an @0-regular tree such that every vertex x 2 V@0 (T )
geodesically dominates V@0 (x;T ).
From Lemma 2.1 and Propositions 3.1 and 3.2 we obtain immediately:
Theorem 3.3. Let G be a connected geodesically T@0 -free graph that contains no
isometric rays. Then there exists a nonempty nite set of vertices of G that is strictly
invariant under every automorphism of G.
This result can be compared with the special case of Theorem 3.4 of [8] that we
recall below, and which was obtained by a proof quite similar to that of Theorem 3.3
using the domination topology instead of the geodesic topology. Notice that none of
these results is stronger than the other. We recall that the ends of a graph G are
the classes of the equivalence relation G dened on the set of all rays of G by:
R G R0 if and only if there is a ray R00 whose intersections with R and R0 are innite.
A vertex x of G is said to dominate an end  of G if x is innitely linked to the
vertex set of some (hence any) ray belonging to . Note that each end of a graph G
containing no isometric rays is dominated, because by Lemma 2.1 every ray of G is
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geodesically dominated, and moreover any vertex which geodesically dominates a ray
clearly dominates the end of G that contains this ray. Finally we will say that a graph
is T@0 -free if it contains no subdivision of an @0-regular tree.
Theorem 3.4 (Polat [8, Theorem 3.4]). Let G be a connected T@0 -free graph whose
ends are all dominated. Then there exists a nonempty nite set of vertices of G that
is strictly invariant under every automorphism of G.
If G and H are two graphs, a map f : V (G)! V (H) is a contraction if f preserves
or contracts the edges, i.e., if f(x)=f(y) or ff(x); f(y)g 2 E(H) whenever fx; yg 2
E(G). A self-contraction f of G (i.e., from G into itself) stabilizes (resp. strictly
stabilizes) a subgraph H of G, or H is invariant (resp. strictly invariant) under f, if
f(H)H (resp. f(H) = H). Note that if H is nite and strictly invariant under f,
then the restriction of f to V (H) is an automorphism of H .
A self-contraction f of a graph G is geodesically respectful (for short g-respectful)
if, for every vertex x that geodesically dominates a concentrated subset X of V (G); f(x)
geodesically dominates f(X ) (thus, in particular, f(X ) must be innite). Note that a
g-respectful self-contraction is generally not continuous with respect to the geodesic
topology, and conversely a continuous self-contraction is not necessarily g-respectful.
Besides any automorphism is g-respectful, and any self-contraction of a rayless graph
is g-respectful. Furthermore, we will say that a self-contraction f of a graph G is lo-
cally dispersed if f−1(x) is dispersed (i.e., contains no concentrated subset) for every
x 2 V (G). For example a self-contraction f such that f−1(x) is nite for every
x 2 V (G), and in particular any injective self-contraction, is locally dispersed. Now,
if a graph G contains no isometric rays, then any g-respectful self-contraction of G is
locally dispersed since, by Lemma 2.1(iv), every concentrated set of G is geodesically
dominated.
In the forthcoming proofs we will use the following notation: for a self-contraction
f of a graph G and x 2 V (G) we set
[x]f := ffn(x): n 2 Ng:
Theorem 3.5. Let G be a connected locally geodesically T@0 -free graph that contains
no isometric rays. Then any g-respectful self-contraction of G strictly stabilizes a
nonempty nite set of vertices.
Proof. Let x 2 V (G). We are done if [x]f is nite. Assume that [x]f is innite.
Case 1. [x]f is not concentrated.
Then there are two innite subset A and B := [x]f−A of [x]f which are separated by
some nite subset S of V (G). Let n0; n1; : : : be non-negative integers such that fni(x) 2
A and fni+1(x) 2 B for every non-negative integer i, and let P be an (x; f(x))-path of
G. Then S meets fni(P) for every i>0. Since P and S are nite, there exists a vertex
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y of P such that fn(y) = y for some n> 0. Hence f strictly stabilizes the nite set
[y]f.
Case 2. [x]f is concentrated.
Let X be the closure of [x]f with respect to the geodesic topology. Then X is
included in the closure [X ]f := [x]f [ fy 2 V (G): y is innitely linked to [x]fg of
[x]f with respect to the domination topology. Thus X is concentrated since [X ]f is
clearly concentrated. Besides, since G contains no isometric rays and is locally geodesi-
cally T@0 -free, the closed subspace X is then compact and scattered. We claim that f
stabilizes the Cantor{Bendixson derivative X () of X for every ordinal .
(a) = 0.
Then X (0) = X . Dene the set  (X ) for every ordinal  as follows:
  0(X ) := [x]f,
  +1(X ) :=  (X ) [
SfMG(A): A is an innite subset of  (X )g,
  (X ) :=
S
<  (X ) if  is a limit ordinal.
Clearly X =  (X ) for any ordinal  such that  +1(X ) =  (X ). We claim that f
stabilizes  (X ) for every ordinal . This is trivial if  = 0. Let >0. Suppose that
this is true for every ordinal <. The result is obvious if  is a limit ordinal. Let
= + 1, and let m 2  (X ). We are done if m 2  (X ) by the induction hypothesis.
Suppose that m 62  (X ). Then m geodesically dominates some innite subset A of
 (X ). This set A is concentrated, as an innite subset of a concentrated set X , and f
is g-respectful; thus f(m) geodesically dominates f(A). By the induction hypothesis
f(A) (X ), hence f(m) 2  +1(X ) =  (X ).
(b) Let >0. Suppose that f stabilizes X () for every ordinal <. Then f clearly
stabilizes X () if  is a limit ordinal. Assume that =+1, and let m be a cluster point
of X (). Then m geodesically dominates some innite subset A of X (). Thus f(m)
geodesically dominates f(A) since f is g-respectful. Hence f(m) 2 X (), as f(A) is
included in X () by the induction hypothesis.
Now, by Proposition 3.1, the Cantor{Bendixson rank of X is +1 for some ordinal ,
and X () is nite. Therefore f, which stabilizes X () by what precedes, strictly stabilizes
some subset of X (); and this completes the proof.
We will complete this section with a consequence of a result of [8]. We will say that
a self-contraction f of a graph G is dominantly respectful (for short d-respectful) |
‘end-continuous’ in [8] | if, for every x 2 V (G), if f−1(x) contains a concentrated
subset, then f−1(x) is closed with respect to the domination topology. Obviously,
any self-contraction which is continuous with respect to the domination topology is
d-respectful, and in particular any locally dispersed self-contraction is d-respectful,
and any self-contraction of a rayless graph is d-respectful.
Theorem 3.6. Let G be a connected T@0 -free graph containing no isometric rays.
Then any d-respectful self-contraction of G strictly stabilizes a nonempty nite set of
vertices.
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Proof. Since G is T@0 -free, it contains no subdivision of an innite simplex. Hence, by
[8, Lemma 3:7], each dominated end of G is dominated by nitely many vertices only.
Furthermore, as we already noticed, each end of G is dominated since G contains no
isometric rays. The result is then a consequence of [8, Theorem 3:9] stating that any
d-respectful self-contraction of a graph whose ends are all dominated by a nonempty
nite set of vertices, strictly stabilizes a nonempty nite set of vertices.
4. Pseudo-modular graphs
We will say that a graph is interval-nite if all its intervals are nite. The following
result is obvious.
Proposition 4.1. Let G be an interval-nite graph. Then a vertex x of G geodesically
dominates a subset A of V (G) if and only if there exists an innite subset B of A
such that IG(x; a) \ IG(x; b) = fxg for every pair fa; bg of distinct elements of B.
For a subset A of vertices of a graph G, we will denote by MG(A) the set of all
vertices belonging to IG(a; b) for every pair fa; bg of distinct elements of A. We will
write MG(x0; : : : ; xn) for MG(fx0; : : : ; xng).
A graph G is modular if MG(x; y; z) 6= ; for every triple fx; y; zg of vertices of G.
The elements of MG(x; y; z) are called medians of fx; y; zg. A graph G is median if
jMG(x; y; z)j = 1 for every triple fx; y; zg of vertices of G. We recall that a median
graph is interval-nite.
A pseudo-median of a triple fx; y; zg of vertices of G is a triple fx0; y0; z0g of pairwise
adjacent vertices such that fx0; y0g IG(x; y); fy0; z0g IG(y; z) and fz0; x0g IG(z; x).
A graph G is pseudo-modular if every triple fx; y; zg of vertices of G admits a median
or a pseudo-median. If, for every triple of vertices, the median or the pseudo-median
is unique, then G is said to be pseudo-median. A graph is then modular (resp. median)
if and only it is pseudo-modular (resp. pseudo-median) and contains no triangle (i.e.,
K3). See Bandelt and Mulder [1{3] and Mulder [6] for more details on these graphs.
We will say that a subgraph H of a pseudo-modular graph G is a pseudo-modular
subgraph of G if:
(i) H is pseudo-modular;
(ii) a median or a pseudo-median in H of a triple fx; y; zg of vertices of H is a
median or a pseudo-median of fx; y; zg in G.
We will give several properties of pseudo-modular graphs, mainly of interval-nite
ones containing no K1;1;@0 , i.e., containing no subgraph which is the union of a count-
ably innite family of triangles having exactly one edge in common. This is always
the case of median graphs, and more generally of interval-nite modular graphs, since
these graphs contain no triangle.
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Lemma 4.2. Let G be a connected interval-nite pseudo-modular graph contain-
ing no K1;1;@0 . If a vertex m of G geodesically dominates an innite subset A of
V (G); then; for every x 2 V (G); there exists a 2 A such that m 2 IG(a; x) and
fmg= IG(m; a) \ IG(m; x).
Proof. Let x 2 V (G). Since m geodesically dominates A, and since G is interval-nite,
there exist innitely many a 2 A such that fmg= IG(m; a)\ IG(m; x). Suppose that none
of these a is such that m 2 IG(a; x). Then there exists an innite subset B of A such
that fmg = IG(m; a) \ IG(m; b) for every pair fa; bg of distinct elements of B [ fxg,
and with m 62 IG(a; x) for every a 2 B. Hence MG(m; x; a) = ; for every a 2 B.
Then, since G is pseudo-modular, the triple fm; x; ag has a pseudo-median; and, since
fmg = IG(m; a) \ IG(m; x), this pseudo-median must contain m, thus must be of the
form fm; a0; xag with a0 2 IG(m; a) and xa 2 IG(m; x). Since G is interval-nite, there
exists x0 2 IG(m; x) such that x0= xa for every a 2 B0 where B0 is an innite subset of
B. Therefore
S
a2B0 G[fm; a; x0g] is a K1;1;@0 , which contradicts the properties of G.
Proposition 4.3. Let G be a connected interval-nite pseudo-modular graph contain-
ing no K1;1;@0 ; and let A be an innite subset of V (G). Then a vertex m of G
geodesically dominates A if and only if m 2 MG(B) for some innite subset B of
A. Furthermore jMG(A)j61.
Proof. (a) Suppose that m geodesically dominates A. W.l.o.g. we can assume, by
Proposition 4.1 since G is interval-nite, that IG(m; a) \ IG(m; b) = fmg for every pair
fa; bg of distinct elements of A. Suppose that m 62 MG(B) for every innite subset B of
A. Then, for every innite BA, there exist a; b 2 B such that a 6= b and m 62 IG(a; b).
Hence, by Ramsey’s theorem, A contains an innite subset B such that m 62 IG(a; b)
for every pair fa; bg of distinct elements of B.
Let fa; bg be a pair of distinct elements of B. Since m 62 IG(a; b) and IG(m; a) \
IG(m; b) = fmg, MG(m; a; b) = ;; hence, since G is pseudo-modular, fm; a; bg has a
pseudo-median, and each of its pseudo-medians contains m. Let b be some element
of B. Since G is interval-nite, there exist b0 2 IG(m; b) and an innite subset C of
B−fbg such that, for every c 2 C, fm; b0; c0g is a pseudo-median of fm; b; cg for some
c0 2 IG(m; c). Then
S
b2B G[fm; b0; c0g] is a K1;1;@0 , which contradicts the properties
of G.
The converse is due to the fact that, if m 2 IG(a; b), then obviously IG(m; a) \
IG(m; b) = fmg.
(b) Now suppose that m and m0 are two elements of MG(A). By Lemma 4.2, since
m 2 MG(A), there exists a 2 A such that m 2 IG(m0; a). For the same reasons, since
m 2 MG(A − fag), there exists b 2 A − fag such that m 2 IG(m0; b). Hence m 2
IG(m0; a) \ IG(m0; b) = fm0g since m0 2 MG(A). Therefore m= m0.
Due to the rst part of this result, the topology we dened on the vertex set of any
graph corresponds, for median graphs, to that introduced by Tardif in [10]. Note that
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the preceding result is not true if the pseudo-modular graph contains a K1;1;@0 , even if
it is interval-nite, as is shown by the example of an innite simplex. In such a graph,
every innite set A of vertices is geodesically dominated, but no vertex belongs to the
interval IG(a; b) = fa; bg for every pair fa; bg of distinct elements of A.
Proposition 4.4. Let G be a connected interval-nite pseudo-modular graph contain-
ing no isometric rays and no K1;1;@0 . Then V (G) is scattered (hence G is geodesically
T@0 -free).
In particular; for a connected interval-nite modular graph G; the compactness of
V (G) implies that this space is scattered.
Proof. Suppose that V (G) is not scattered. Then there exists a geodesically closed
set A which is dense in itself, i.e., that is perfect. Construct a sequence of vertices
x0; x1; : : : and a sequence of paths P0; P1;    such that, for every n>0; xn 2 A; Pn+1
is an (xn−1; xn)-geodesic and P0 [    [ Pn is an (x0; xn)-geodesic.
Let x0 be any element of A, and let P0 := hx0i. Suppose that x0; : : : ; xn and P0; : : : ; Pn
have already been constructed. Since xn geodesically dominates A because A is perfect,
and since G is interval-nite and contains no K1;1;@0 , by Lemma 4.2, there exists an
xn+1 2 A − fxng such that IG(xn; xn+1) \ IG(x0; xn) = fxng and xn 2 IG(x0; xn+1). Let
Pn+1 be an (xn; xn+1)-geodesic of G. Then P0 [    [Pn+1 is an (x0; xn+1)-geodesic as,
by the induction hypothesis, P0 [    [ Pn is an (x0; xn)-geodesic.
Therefore
S
n>0 Pn is an isometric ray of G, contrary to the properties of G. Hence
V (G) is scattered, and thus G is geodesically T@0 -free by Proposition 3.2.
Theorem 3.4, and Theorem 3.3 with Proposition 4.4, give immediately:
Theorem 4.5. Let G be a connected pseudo-modular graph. Then there exists a non-
empty nite set of vertices of G that is strictly invariant under every automorphism
of G if G has one of the following properties:
(i) G is T@0 -free and each end of G is dominated;
(ii) G is interval-nite and contains no isometric rays and no K1;1;@0 .
Note that Theorem 4.5 may not hold for a pseudo-modular graph without isometric
rays that contains either a K1;1;@0 or an innite interval as is shown by the complete
innite graph K@0 or by the complete innite bipartite graph K@0 ;@0 , respectively.
We will now give some conditions for a self-contraction of an interval-nite pseudo-
modular graph to be g-respectful.
Proposition 4.6. A self-contraction f of an interval-nite pseudo-modular graph G
containing no K1;1;@0 is g-respectful if; for every concentrated subset A of V (G); there
exists a pair fx; yg of distinct elements of A such that f(x) 6= f(y) and f(IG(x; y))
IG(f(x); f(y)).
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Proof. Let A be a concentrated subset of V (G), and m a vertex that geodesically
dominates A. By Proposition 4.3, m 2 MG(B) for some innite BA. By the prop-
erty of f, B contains no innite subset C such that f(x) = f(y) or f(IG(x; y)) is
not included in IG(f(x); f(y)) for every pair fx; yg of distinct elements of C. Then,
by Ramsey’s theorem, B contains an innite subset C such that f(x) 6= f(y) and
f(IG(x; y)) IG(f(x); f(y)) for every pair fx; yg of distinct elements of C. Therefore
f(m) 2 MG(f(C)), hence f(m) geodesically dominates f(A), which proves that f is
g-respectful.
We recall that a map f between two interval spaces X and Y is said to be interval
preserving if f(IX (a; b)) IY (f(a); f(b)) for all a; b 2 X .
Corollary 4.7. Let G be an interval-nite pseudo-modular graph containing no K1;1;@0 .
Then every locally dispersed interval preserving self-contraction of G is g-respectful.
Proof. Let f be a self-contraction of G which is locally dispersed and interval pre-
serving. Let A be a concentrated subset of V (G), and x 2 A. Then f−1(f(x)) is dis-
persed since f is locally dispersed. Hence f−1(f(x))\A is nite. Therefore, for every
y 2 A − f−1(f(x)), we have f(x) 6= f(y) and f(IG(x; y)) IG(f(x); f(y)) since
f preserves the intervals. The result is then a consequence of Proposition 4.6.
We will now prove a result (Lemma 4.10) which will be useful in next section for
pseudo-median graphs. In the forthcoming proofs, for a self-contraction f of a graph
G and AV (G) we set
Af := fx 2 A: [x]f A and fn(x) = x for some n> 0g:
Lemma 4.8. Let G be a connected interval-nite pseudo-modular graph; A a nonempty
subset of V (G) such that G[A] is an isometric subgraph of G; and f a self-contraction
of G that stabilizes A. Then:
(i) G[Af] is an isometric pseudo-modular subgraph of G.
(ii) If f is d-respectful; then the restriction of f to A is d-respectful.
(iii) If f is g-respectful; then the restriction of f to A is g-respectful.
(iv) If G contains no K1;1;@0 ; then Af is a closed set with respect to the geodesic
topology.
Proof. (i) The fact that G[Af] is an isometric subgraph of G is [8, Lemma 3:10(i)].
We will now prove that it is also a pseudo-modular subgraph of G.
Let B be a triple of elements of Af such that MG(B) 6= ; and let m 2 MG(B).
For every fx; yg 2 [B]2 (where [B]2 denotes the set of all pairs of distinct elements
of B), let Pxy be an (x; y)-geodesic of G containing m. Since BAf, there exists
a non-negative integer n such that fn(x) = x for every x 2 B. Hence fn(Pxy) is an
(x; y)-geodesic of G for every fx; yg 2 [B]2. Now, since G is interval-nite, there
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exists a positive integer k such that fkn(Pxy) is an (x; y)-geodesic of G[Af] for every
fx; yg 2 [B]2. Therefore fkn(m) 2 MG[Af](B)MG(B).
Now, by a quite similar argument we can prove that, for any triple fu; v; wg of
element of Af, if fu0; v0; w0g is a pseudo-median in G[A] of fu; v; wg, then there ex-
ists n>0 such that ffn(u); fn(v); fn(w)g is a pseudo-median in G[Af] of fu; v; wg.
Therefore G[Af] is a pseudo-modular subgraph of G.
(ii) is [8, Lemma 3:10(ii)].
(iii) Suppose that f is g-respectful. Let B be a concentrated subset of G[A] and
m 2 MG[A](B)\A. Then B is clearly concentrated in G, and m 2 MG(B) since G[A] is
an isometric subgraph of G. Moreover f(B [ fmg)A since f stabilizes A. As f is
g-respectful, f(m) 2 MG(C) for some innite subset C of A. Hence f(m) 2 MG[A](C)
since C [ ff(m)gA and G[A] is an isometric subgraph of G.
(iv) Assume that G contains no K1;1;@0 , and let m be a vertex of G that geodesically
dominates Af. Then, by Proposition 4.3, m 2 MG(B) for some innite subset B of Af.
W.l.o.g. we can suppose that B is countably innite. Let S0 S1 : : : be an innite
sequence of nite subsets of B such that
S
i>0 Si = B. For every i>0, since Si is a
nite subset of Af, and because G is interval-nite, there exists a positive integer ni
such that fni(m) 2 MG[Af](Si). Then, due to the niteness of the set ffni(m): i>0g,
there exists a positive integer N such that fN (m) 2 MG[Af](Si) for every i>0. This
implies that fN (m) 2 MG[Af](B). By (i), G[Af] is an isometric subgraph of G, then
MG[Af](B)MG(B). Hence fN (m) = m because MG(B) has at most one element by
Proposition 4.3. Therefore m 2 MG[Af](B), which proves that Af is a closed set.
Lemma 4.9 (Polat [8, Lemma 3:15]). Let G be a connected T@0 -free graph contain-
ing no isometric rays; and let (Ci)i2I be an innite family of subsets of V (G) such
that; for any nonempty nite J  I; CJ :=
T
j2I Cj is a nonempty set such that G[CJ ]
is an isometric subgraph of G. Then
T
i2I Ci 6= ;.
Lemma 4.10. Let G be a connected interval-nite pseudo-modular graph without iso-
metric rays and which is T@0 -free (resp. which contains no K1;1;@0 ). Then; for any
commuting family F of d-respectful (resp. g-respectful) self-contractions of G; there
exists an isometric pseudo-modular subgraph GF of G such that the restriction of
every f 2F to V (GF) is an automorphism of GF.
Proof. For every f 2 F, the set Vf, where V stands for V (G), is nonempty by
Theorem 3.6 (resp. Theorem 3.5), and such that G[Vf] is an isometric pseudo-modular
subgraph of G by Lemma 4.8. Therefore G[Vf] is connected, contains no isometric
rays and is T@0 -free (resp. contains no K1;1;@0 ). If g 2F commutes with f on Vf, and
if x 2 Vf, then fp(g(x)) = g(fp(x)) = g(x) for any p>0 such that fp(x) = x. Thus
g(Vf)Vf; hence, since G[Vf] is connected and contains no isometric rays or K1;1;@0 ,
and since gjVf is d-respectful (resp. g-respectful) by Lemma 4.8, then, by Theorem
3.6 (resp. Theorem 3.5), g strictly stabilizes a nonempty nite subset of Vf. Therefore
Vf \Vg=(Vf)g (=(Vg)f ) is nonempty and G[Vf \Vg] is an isometric pseudo-modular
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subgraph of G by Lemma 4.8. Note that [x]f[[x]gVf\Vg for every x 2 Vf\Vg. Hence
the restrictions of f and of g to Vf\Vg are automorphisms of G[Vf\Vg]. Inductively, for
any nonempty nite H := f1; : : : ; fnF, the set VH :=
T
f2H Vf = (: : : (Vf1 ) : : :)fn
is nonempty and such that G[VH] is an isometric pseudo-modular subgraph of G.
Therefore VF :=
T
f2F Vf 6= ; by Lemma 4.9 (resp. since the geodesic space V (G) is
compact and, by Lemma 4.8(iv), the sets Vf’s are closed). Furthermore, the restriction
of every f 2 F to VF is an automorphism of G[VF]. Besides, since each G[Vf]
is an isometric pseudo-modular subgraph of G which is interval-nite, we conclude
that G[VF], being the intersection of all G[Vf]’s, is also an isometric pseudo-modular
subgraph of G.
Theorem 4.11. Let G be a connected interval-nite pseudo-modular graph without
isometric rays and which is T@0 -free (resp. which contains no K1;1;@0 ). Then; for any
commuting family F of d-respectful (resp. g-respectful) self-contractions of G; there
exists a nonempty nite set of vertices of G that is strictly invariant under every
element of F.
This is a consequence of Lemma 4.10 and of Theorem 4.5. We get immediately:
Corollary 4.12. Let G be a rayless connected interval-nite pseudo-modular graph.
Then; for any commuting family F of self-contractions of G; there exists a nonempty
nite set of vertices of G that is strictly invariant under every element of F.
5. Pseudo-median graphs
We can get stronger results by dealing with pseudo-median graphs. We need a few
lemmas.
Lemma 5.1 (Bendelt and Mulder [2, Proposition 6]). Every interval of a pseudo-
median graph is convex.
We recall that an abstract convex set (X;C) is JHC (Join-hull commutativity) if, for
any convex set C X and any u 2 X , the convex hull of fug [C equals the union of
the convex hull of fu; vg for all v 2 C.
Lemma 5.2 (Bendelt and Mulder [3, Lemma 4]). The geodesic convexity of a pseudo-
median graph is JHC.
Corollary 5.3. The convex hull of any nite set of vertices of an interval-nite
pseudo-median graph is nite.
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Proof. Let S be a nite set of vertices of an interval-nite pseudo-median graph G. The
proof will be by induction on n := jSj. This is trivial if n=1. Suppose that it holds for
some n>1. Let S be such that jSj= n+1, and let x 2 S. By the induction hypothesis
A := coG(S − fxg) is nite. By Lemmas 5.1 and 5.2, coG(S) =
S
y2A coG(x; y) =S
y2A IG(x; y). Then coG(S) is nite since A is nite and G is interval-nite.
Proposition 5.4. Any pseudo-median graph containing no innite simplices is interval-
nite.
Proof. Let G be a pseudo-median graph containing no innite simplices. Suppose that
G is not interval-nite. Among all pairs of vertices of G whose interval is innite,
let x; y 2 V (G) be such that distG(x; y) is minimum. Since G contains no innite
simplices, by Ramsey’s theorem, V (x;G) \ IG(x; y) contains an innite independent
subset A (i.e., no two elements of A are adjacent).
Let a 2 A. For every b 2 A − fag, because distG(a; b) = 2, the set fy; a; bg has a
median mb which is adjacent to both a and b. Moreover, since G is pseudo-median,
and since x is the median of any three elements of A, any element of IG(x; y) − fxg
is adjacent to at most two elements of A. Hence mb 6= mc if b 6= c. This implies that
mb 2 IG(a; y) for every b 2 A−fag. Therefore IG(a; y) is innite whereas distG(a; y)=
distG(x; y)− 1, which contradicts the choice of the pair fx; yg.
Lemma 5.5. A pseudo-median graph contains no K1;1;@0 if and only if it contains no
innite simplices.
Proof. We only have to prove the suciency. Suppose that a pseudo-median graph G
contains a K1;1;@0 whose corresponding partition of its vertex set is ffag; fbg; X g. Let x,
y and z be three dierent elements of X . Then the induced subgraph G[fx; y; zg] con-
tains at least two edges, otherwise fx; y; zg would have two medians or two pseudo-
medians according to whether G[fx; y; zg] contains 0 or 1 edge, contrary to the fact that
G is pseudo-median. Therefore every element of X is adjacent to all other elements
of X except possibly one of them. This clearly implies that G[X ] contains an innite
simplex.
For a nite graph G, let Med(G) be the set of vertices of G such that, x 2 Med(G)
if
P
y2V (G) distG(x; y) is minimum. Note that Med(G) is clearly strictly invariant under
all automorphisms of G. A consequence of a more general result of Bendelt and Mulder
[2, Lemma 1 and Theorem 10] is
Lemma 5.6. If G is a nite pseudo-median graph; then G[Med(G)] is an isometric
regular pseudo-median subgraph of G.
Theorem 5.7. Let G be a connected pseudo-median graph. Then there exists a non-
empty nite regular pseudo-median subgraph of G that is strictly invariant under
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every automorphism of G if G has one of the following properties:
(i) G is T@0 -free and each end of G is dominated;
(ii) G contains no isometric rays or innite simplices.
Proof. By Theorem 4.5, there exists a nonempty nite set S of vertices which is strictly
invariant under all automorphisms of G. Then coG(S), which is nite by Corollary 5.3
and Proposition 5.4, is clearly strictly invariant under all automorphisms of G. Therefore
G[coG(S)] is a nite isometric pseudo-median subgraph of G which is strictly invariant
under all automorphisms of G. The result is then a consequence of Lemma 5.6.
The regular pseudo-median graphs were characterized by Bendelt and Mulder [2].
They showed that they are precisely the Cartesian products of hypercubes with either
simplices or hyperoctahedra. As a particular case of the preceding result we have:
Proposition 5.8. Let n be a positive integer; and let G be a n-connected T@0 -free
pseudo-median graph such that there are at most n− 1 pairwise disjoint rays in each
end of G. Then there exists a nonempty nite simplex that is strictly invariant under
every automorphism of G.
This is a consequence of Theorem 5.7(i), since, by the proof of Proposition 3:21 of
[8], every end of G is dominated. Note that, if each end of a graph G contains at most
n− 1 pairwise disjoint rays, for some positive integer n, then the conditions for G of
being ‘T@0 -free’ or ‘geodesically T@0 -free’ are equivalent. More particularly we have:
Corollary 5.9. Let n be a positive integer; and let G be a n-connected pseudo-median
graph such that there are at most n−1 pairwise disjoint rays in G. Then there exists
a nonempty nite simplex that is strictly invariant under every automorphism of G.
Theorem 5.10. Let G be a connected pseudo-median graph without isometric rays
and which is T@0 -free (resp. which contains no innite simplices). Then; for any
commuting family F of d-respectful (resp. g-respectful) self-contractions of G; there
exists a nonempty nite regular isometric pseudo-median subgraph of G which is
strictly invariant under every element of F.
Proof. By Lemma 4.10, we know that there exist an isometric pseudo-modular sub-
graph GF of G such that the restriction of every f 2F to V (GF) is an automorphism
of GF. Since this graph is an isometric subgraph of G, it is pseudo-median, contains
no isometric rays and is T@0 -free (resp. contains no innite simplices). The result is
then a consequence of Theorem 5.7.
Remark and open problem 5.11. Recently Chastand [4, Corollaire 10.3.5.c] proved
that:
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Any commuting family of self-contractions of a connected pseudo-median graph G
containing no isometric rays or innite elementary prebers has a common strictly
invariant nite regular pseudo-median subgraph of G.
An elementary preber of a pseudo-median graph is either a simplex possibly minus
a matching, or a wheel, i.e., a cycle with a vertex adjacent to all vertices of the cycle,
or a snake, i.e., a 2-connected chordal graph such that any of its triangle has at most
two edges in common with two other triangles and with no edge common to three
triangles. Since, by Ramsey’s theorem, an innite simplex without a matching still
contains an innite simplex, Chastand’s theorem can be restated as follows:
Any commuting family of self-contractions of a connected pseudo-median graph
G containing no isometric rays, innite simplices or innite snakes has a common
strictly invariant nite regular pseudo-median subgraph of G.
In Chastand’s statement, the hypothesis on the graph are then stronger than those of
Theorem 5.10, whereas on the contrary there is no restriction on the contractions. Hence
a natural problem arises: Is it possible to generalize Theorem 5.10 by considering any
self-contractions instead of g-respectful (and even d-respectful) ones? In other words,
is it necessary to forbid the innite snakes in Chastand’s result?
We conclude by recalling a result of Tardif [10, Theorem 1.2(1) and (3)] which
species Theorem 5.7 and Chastand’s theorem in the case of median graphs.
Let G be a connected median graph without isometric rays. Then:
(a) there exists a nonempty nite hypercube that is strictly invariant under every
automorphism of G;
(b) any commuting family of self-contractions of G has a common strictly invariant
nite hypercube.
6. Ball-Helly graphs
Another subclass of pseudo-modular graphs which gives interesting results is that
of ball-Helly graphs. If x is a vertex of a graph G and r a non-negative integer, the
set BG(x; r) := fy 2 V (G): distG(x; y)6rg is the ball of center x and radius r in G.
A connected graph G is called a ball-Helly graph if every nite family of pairwise
non-disjoint balls of G has a nonempty intersection (Helly property). Note that, due
to the following result, a ball-Helly graph is pseudo-modular.
Lemma 6.1 (Bandelt and Mulder [1, Proposition 4]). A connected graph G is pseudo-
modular if and only if each triple of pairwise non-disjoint balls has a nonempty in-
tersection.
First we recall the following result:
Theorem 6.2 (Polat [7, Theorem A]). Let G be a ball-Helly graph. Then there exists
a nonempty nite simplex that is strictly invariant under every automorphism of G
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if G has one of the following properties:
(i) G is rayless;
(ii) G is bounded and contains no innite simplices.
Proposition 6.3. Let G be a ball-Helly graph containing no innite simplices; and
let F be a family of automorphisms of G. If there exists a nonempty nite set of
vertices of G that is strictly invariant under every element of F; then there exists a
nonempty nite simplex that is strictly invariant under every element of F.
Proof. Let S be a nonempty nite set of vertices of G that is strictly invariant under
every element of F. Let d := diamG(S), A :=
T
x2S BG(x; k) where k := dd=2e, and
H := G[A]. This graph H is a bounded subgraph of G; we claim that it is isometric.
Let x; y 2 A and n := distG(x; y). We have clearly
BG(x; 1) \ BG(y; n− 1) 6= ;,
BH (x; 1) = BG(x; 1) \
T
z2S BG(z; k) 6= ;,
BH (y; n− 1) = BG(y; n− 1) \
T
z2S BG(z; k) 6= ;.
Hence, by the Helly property, BH (x; 1) \ BH (y; n − 1) 6= ;. Thus n = distG(x; y)6
distH (x; y)61 + n− 1, which proves that distH (x; y) = n.
Now, as an isometric subgraph of a ball-Helly graph, H is also a ball-Helly graph,
since any ball of H being the intersection of a nite family of balls of G, more
precisely
BH (x; r) = BG(x; r) \
\
z2S
BG(z; k);
the family of balls of H will have the Helly property since so has the family of balls
of G.
Therefore H is a bounded ball-Helly subgraph of G, which is clearly strictly invariant
under every element of F, since S is has this property. Moreover, by hypothesis, H
contains no innite simplices, consequently, by Theorem 6.2, H contains a nonempty
nite simplex which is strictly invariant under every automorphism of H , thus under
every element of F.
Lemma 6.4. A ball-Helly graph G contains no K1;1;@0 if and only if for every x; y 2
V (G) and every n>0; there are at most nitely many (x; y)-paths of length n. In par-
ticular G is interval-nite if is contains no K1;1;@0 .
Proof. The suciency is obvious. Let us prove the necessity. Suppose that G contains
no K1;1;@0 . Then, a fortiori, G contains no innite simplices. Hence, by a result of Polat
and Pouzet, G is a strongly ball-Helly graph, i.e., every nite or innite family of
pairwise non-disjoint balls of G has a nonempty intersection (strong Helly property).
Suppose that there exists a positive integer n such that there are two vertices of G
with innitely many paths of length n joining these two vertices. Assume that n is the
least of such integers, and let x; y 2 V (G) be such that there exists an innite family
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(Pp)p>0 of (x; y)-paths of length n. For every p>0, let P = hxp0 ; : : : ; xpn i with xp0 = x
and xpn =y. Since n is minimum, w.o.l.g. we can suppose that these paths are pairwise
disjoint and that distG(x; x
p
i )= i=distG(y; x
p
i ) for every i with 0<i<n. This implies
that n− 26distG(x; y)6n. We will distinguish two cases.
Case 1. distG(x; y)>n− 1.
For every p>0 and i6n, let Bpi be the ball of center x
p
i and radius r
p
i where:
rpi =
8<
:
1 if i = 0;
i if 16i<n;
distG(x; y)− 1 if i = n:
We can easily check that these balls are pairwise non-disjoint. Hence, since G is a
strongly ball-Helly graph, there exists a vertex z which belongs to each of these balls.
Since rpn =distG(x; y)− 1, z 6= x. W.l.o.g. we can suppose that z 6= xp1 for every p>0.
Therefore the subgraph of G induced by the set fx; zg[fxp1 : p>0g is a K1;1;@0 , which
contradicts the hypothesis.
Case 2. distG(x; y) = n− 2.
For every p>0 and i6n, let Bpi be the ball of center x
p
i and radius r
p
i where
rpi =
8<
:
1 if i = 0;
i if 16i6n− 2;
n− 2 if n− 16i6n:
Let p>0. Then, the balls (Bpi )06i6n are clearly pairwise non-disjoint. Hence, since
G is ball-Helly, there exists a vertex zp which belongs to each of these balls. Note
that zp 6= x since distG(x; xpn−1) = n− 1>rpn−1. Let Wp be a (y; zp)-geodesic of G. Its
length is n − 3 or n − 2. Hence Wp [ hzp; xi is an (x; y)-path of length less than n.
Therefore there must exist a conite subset M of N such that zp = zq = : z for every
p; q 2 M , otherwise there would exist an innite family of (x; y)-paths of length less
than n contrary to the minimality of n. As before, w.l.o.g., we can suppose that z 6= xp1
for every p>0. Therefore the subgraph of G induced by the set fx; zg [ fxp1 : p 2 Mg
is a K1;1;@0 , which once again contradicts the hypothesis.
Theorem 4.5 with Proposition 6.3 will give two more conditions for the existence of
such an invariant simplex in any ball-Helly graph, both of them generalizing condition
(i) of Theorem 6.2.
Theorem 6.5. Let G be a ball-Helly graph. Then there exists a nonempty nite sim-
plex that is strictly invariant under every automorphism of G if G has one of the
following properties:
(i) G is T@0 -free and only has dominated ends;
(ii) G contains no isometric rays and no K1;1;@0 .
Proof. By Theorem 4.5 (with Lemma 6.4 in the case of (ii)), there exists a nonempty
nite set S of vertices of G that is strictly invariant under every automorphism of G.
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Furthermore G contains no innite simplices, because any innite simplex is obviously
not T@0 -free and contains a K1;1;@0 , thus this would contradict both conditions (i) and
(ii). Consequently, by Proposition 6.3, G contains a nonempty nite simplex which is
strictly invariant under every automorphism of G.
As particular cases of Theorem 6.5 we get the analogs of Proposition 5.8 and
Corollary 5.9.
Proposition 6.6. Let n be a positive integer; and let G be a n-connected T@0 -free ball-
Helly graph such that there are at most n− 1 pairwise disjoint rays in each end of
G. Then there exists a nonempty nite simplex that is strictly invariant under every
automorphism of G.
Corollary 6.7. Let n be a positive integer; and let G be a n-connected ball-Helly
graph such that there are at most n−1 pairwise disjoint rays in G. Then there exists
a nonempty nite simplex that is strictly invariant under every automorphism of G.
We will now complete this paper by considering contractions and by proving a
result (Theorem 6.10) which is the analog for ball-Helly graphs of Theorem 5.10
for pseudo-median graphs. Note that in this case there will be no restriction on the
contractions.
Lemma 6.8. Let G be a ball-Helly graph containing no K1;1;@0 ; A a nonempty subset
of V (G) such that G[A] is an isometric subgraph of G; and f a self-contraction of
G that stabilizes A. Then G[Af] is an isometric ball-Helly subgraph of G.
Proof. By Lemma 4.8(i), H := G[Af] is an isometric pseudo-modular subgraph of G.
It remains to prove that it is ball-Helly. Let (BH (ci; ri))i2I be a nite family of pairwise
non-disjoint balls of H . Since G is ball-Helly,
T
i2I BG(ci; ri) 6= ;. Thus there exists
x 2 Ti2I BG(ci; ri), i; j 2 I such that x belongs to a (ci; cj)-path P of G. Since I is
nite, there exists n>1 such that fn(ci)= ci for every i 2 I . Then, due to Lemma 6.4,
there are h<k such that fhn(P) =fkn(P), which proves that fhn(P) is a (ci; cj)-path
of H . Moreover, for every i 2 I , distH (ci; fhn(x)) = distG(ci; fhn(x))6distG(ci; x)6ri
since H is an isometric subgraph of G. Therefore fhn(x) 2 Ti2I BH (ci; ri).
Lemma 6.9 (Polat [9, Theorem 4.7.3]). Every self-contraction of a ball-Helly graph
containing no isometric rays and no innite simplices strictly stabilizes a nonempty
nite simplex.
Theorem 6.10. Let G be a ball-Helly graph containing no isometric rays or K1;1;@0 .
Then; for any commuting family F of self-contractions of G; there exists a nonempty
nite simplex that is strictly invariant under every element of F.
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Proof. The rst part is the same as the proof of Lemma 4.10 with Lemma 6.9 instead
of Theorem 3.5, and where condition (i) of Lemma 4.8 is replaced by Lemma 6.8,
and by noting again that a graph contains no innite simplices if it contains no K1;1;@0 .
By this proof we know that there exists an isometric pseudo-modular subgraph G[VF]
of G such that the restriction of every f 2 F to VF is an automorphism of G[VF].
Since this graph is an isometric subgraph of G, it contains no isometric rays and no
K1;1;@0 .
We claim that G[VF] is a ball-Helly graph. Let (BG[VF](ci; ri))i2I be a nite family
of pairwise non-disjoint balls of G[VF]. Since G is ball-Helly,
T
i2I BG(ci; ri) 6= ;.
Thus there exists x 2 Ti2I BG(ci; ri), i; j 2 I such that x belongs to a (ci; cj)-path
P of G. Construct sequences f0; f1; : : :, P0; P1; : : : and x0; x1; : : : such that, for n>1,
fn 2F, Pn := fpn (Pn−1), for some p>0, is a (ci; cj)-path of Hn := G[Vff0 ;:::;fng], and
xn := f
p
n (xn−1) 2
T
i2I BHn(ci; ri).
Put f0 := idV , x0 := x and P0 := P. Suppose that f0; : : : ; fn, P0; : : : ; Pn and x0; : : : ; xn
have already been constructed. If Pn 2 G[VF], put fn+1 := fn, Pn+1 := Pn and xn+1 :=
xn. If Pn 62 G[VF], then there exists an fn+1 2F− ff0; : : : ; fng such that fkn+1(Pn) 6=
Pn for every k>1. Thus, since I is nite and due to Lemma 6.4, there is p>1 such
that fpn+1(ci) = ci for all i 2 I , and Pn+1 := fpn+1(Pn) is a (ci; cj)-path of Hn+1 :=
G[Vff0 ;:::;fn+1g]. Note that, for all i 2 I ,
distHn+1(ci; xn+1) = distHn(ci; xn)6ri
by the induction hypothesis. Hence xn+1 := f
p
n+1(xn) 2
T
i2I BHn+1(ci; ri).
Now, by Lemma 6.4, and since the length of Pn+1 is less than or equal to that of
Pn, there exists n>0 such that Pn+1 = Pn, hence xn+1 = xn. Therefore xn 2 VF with
distG[VF](ci; xn)6ri for all i 2 I ; which proves that G[VF] is ball-Helly.
Consequently, by Theorem 6.5, G[VF] contains a nonempty nite simplex which is
strictly invariant under the restriction to VF of every element of F, thus under every
element of F.
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